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The Stieltjes matrix moment problem. 1

The sequence of m x m matrices
50,51,...,51,...Ccm><m (1)
is called R -positive if all block Hankel matrices

SO ... S S1 VAN |
(N _ . . (N _ :
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S ... 52 Sl41 - S2041

are positive Hermitian.

Consider the matrix version of the Stieltjes moment problem:
Describe the set M of all nonnegative Hermitian m x m Borel
measures o on R such that

sj:/ to(dt), j>0. (2)

Suppose the sequence (s;) is Ry -positive; then M # @.
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Matrix polynomials

Suppose o € M_; then there exist two sequences of matrix

polynomials
) o
{P, (z)} , r=1,2
j=0

such that: .

1) Each polynomial PSJ) is a matrix polynomial of degree j, and its
leading coefficient is a positive m X m matrix.

2) For any matrix measure o € M the polynomials Pﬁj) are
orthonormal

' * 1, j=k
PO ()t o (dt) P (£) = Sjxhm, 6 :{ > ]
[ POOE P (0 = . 5= g T
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Jacobi matrices

The matrix polynomials (Pﬁj))jio satisfy by the recurrence relation

(_/ > 1) r= 172)
tP9(z) = BIV P D (2) + AYPI (2) + BYPI(2)  (3)

and the initial condition
1/2

PO = HO tPO(2) = AYPO(2) + BO PN (2). (4)
Here . .
A~ 0 detBY £0, j>0, r=1,2
From the coefficients of the recurrence relations we construct two
infinite block Jacobi matrices
A9 BO o
BSO)* Aﬁl) Bﬁl)

0
o ..
o BW @ p@ 1>

Jr:
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Associated Operators

Let £3(C™) be the subspace of £2(C™) which consists of finite
vectors. We define two symmetric operators
L, : £3(C™) — £3(C™), r = 1,2 as follows:

Lou=J,u, Yue3(Cm.

These operators are nonclosed symmetric operators on £2(C™).
Let L, be their closures. The operators L,, r = 1,2 will be said to
be associated with the Stieltjes matrix moment problem.

The subspaces

Dy(z) ={ue A(C™): Liu=zu}, r=1,2 (5)

are called the deficiency subspaces of the operators L, at z.
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Theorem

1. Symmetric operators L,, r = 1,2 are non-negative.
2. The dimension of the deficiency subspaces D,(z) are
independent of the choice of the point z from C\ R;.:

dimD,(z1) =dimD,(z) = m, Vz1,z2 € C\ Ry, r=1,2.

3. There exist subspaces L,(z) C C™, r = 1,2 such that the
mappings

6 € Lo(2) ¢ u= co/(PSO)(z), PU(2), PA(2),.. .)¢ € D,(z),

give isomorphisms between the linear spaces L,(z) and D,(z).
4. The dimension of the subspaces R(z) = L1(z) N L2(z) are
independent of the choice of the point z from C \ R

dimR(z1) =dimR(z) =0 Vz1,z2 € C\ R;.
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Stieltjes matrix moment problem is naturally called:
a) completely indeterminate if 6 = m;

b) completely determinate if 6 = 0;

c) semi-determinate if 0 < § < m.

A completely determinate or semi-determinate Stieltjes matrix
moment problem will be called degenerate.
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The Stieltjes criteria

For the Stieltjes matrix moment problem to be nondegenerate, it is
necessary and sufficient that the series

(6)

be convergent.

We have Li(x) = L2(x) = C™. This implies that the Stieltjes
matrix moment problem is nondegenerate.

The classical Stieltjes criterion indeterminacy for the Stieltjes
moment problem

o o0
Z m; < 00, ij < o0
j=0 j=0

is a special case of our theorem.
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The Stieltjes matrix parameters.

Let the sequence (s;) be R -positive. We consider the block
matrices: /
H£ ) = (5j+k+r)1l',k:0v r=12,

VO = (1), W0 = ( V“O” ) u® = (s9), ul) = ( ut=y )

Sj
The positive m x m matrices
mg = v(o)*Hio)_lv(O) > 0,
lo = uO" Hgo)ilu(o) > 0,
mJ = VU)* H](_J')71VU) — V(j_l)* H](_j_1)71 V(j_l) > O,
t = u(j)*Hg)iluU) — u(j_l)*Héj_l)ilu(j_l) > 0.

are called the Stieltjes matrix parameters.
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Hamburger’s theorem

Let (Sj)f.io be an R -positive sequence and z € C\ Ry.
For the Hamburger moment problem
sj= Jgto(dt), j>0

to be nondegenerate and for the Stieltjes moment problem
si= Jp, '7(dt), j>0
to be degenerate, it is necessary and sufficient that the series
o0
Z P{j)*(z)Pij)(z) be convergent (7)
Jj=0

and the series

ZP(J) (2)PY(z)  be divergent. (8)
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Hamburger’s theorem

We have
Li1(z) =C™M Lo(z) cC", dim Lo(z) = mp < m;
It now follows that
R(z) = L1(z) N La(z) = Lo(2)

and
dimR(z) =dim La(z) = ma2 < m.

This implies that the Stieltjes matrix moment problem is
degenerate.
The classical Hamburger's theorem

00 00
Z(fo—{—fl—{—. . .—|—€j_1)* m;j (fo—{—fl—i—. . .—|—€J'_1) < 00, ij > 0oQ.
j=1 j=0

is a special case of our theorem.
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