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Linear controllable systems

ẋ = Ax + bu(t), x ∈ Rn, u = u(t) ∈ Ω ⊂ R1,

x(0) = x0, x(T ) = x1;
(1)

rank(b,Ab, . . . ,An−1b) = n.
Controllability.

Stabilizability.

Optimal control.

. . .

General systems:
ẋ = f (x , u). (2)

Map to a linear one?
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Linearizability of nonlinear systems
1 Nonlinear change of variables in a linear system.

Example: in the system

ẋ1 = x2, ẋ2 = u,

let us set z1 = x1, z2 = x2 + x3
1
; then

ż1 = z2 − z3
1
, ż2 = 3z2

1
(z2 − z3

1
) + u.

2 Some systems can be linearized by a change of variables
and controls.
Example: in the system

ẋ1 = x2, ẋ2 = x2
1
− x1x

3

2
+ u,

let us set v = x2
1
− x1x

3

2
+ u; then

ẋ1 = x2, ẋ2 = v .
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ẋ1 = x2, ẋ2 = u,
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Local linearizability in a domain

A system
ẋ = f (x , u) (3)

is called locally linearizable in the domain Q ⊂ Rn if
these exists a change of variables

z = F (x), detFx(x) 6= 0, x ∈ Q, (4)

such that
ż = Az + bu + c .

If the system is linearizable then f (x , u) = a(x) + b(x)u.

If a(x), b(x) ∈ C∞(Q) then F (x) ∈ C∞(Q).
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Conditions of linearizability

ẋ = a(x) + b(x)u.

Conditions of linearizability?

Krener, A.: On the equivalence of control systems and the
linearization of nonlinear systems. SIAM J. Control (1973)

ẋ = a(x) + b(x)φ(x , u).

Conditions of feedback linearizability?

Korobov, V.I.: Controllability, stability of some nonlinear
systems. Di�. Equat. (1973)
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Triangular systems (V. I. Korobov, 1973)

Consider a system
ẋ1 = f1(x1, x2)
ẋ2 = f2(x1, x2, x3)
. . .

ẋn−1 = fn−1(x1, . . . , xn)
ẋn = fn(x1, . . . , xn, u).

(6)

Suppose:

fi ∈ C n+1−i(Ri+1), i = 1, . . . , n;∣∣∣ ∂fi
∂xi+1

∣∣∣ ≥ α > 0, i = 1, . . . , n.

Then the system (6) is feedback linearizable in Q = Rn

(globally).
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Example {
ẋ1 = f1(x1, x2)
ẋ2 = f2(x1, x2, u)

(7)

Set z1
def
= x1, then

ż1 = ẋ1 = f1(x1, x2)
def
= z2,

ż2 = d
dt (f1(x1, x2)) =

= ∂f1(x1,x2)
∂x1

f1(x1, x2) + ∂f1(x1,x2)
∂x2

f2(x1, x2, u)
def
= v .

z1 = F1(x1) = x1
z2 = F2(x1, x2) = f1(x1, x2)

v = g(x , u) = ∂f1
∂x1

f1 + ∂f1
∂x2

f2

(7)⇒
{

ż1 = z2
ż2 = v .
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ẋ1 = f1(x1, x2)
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Triangular systems

Kovalev, A. M.: Nonlinear problems of control and observation in
the theory of dynamical systems. K.: Naukova dumka (1980)

Zhevnin, A. A., Krischenko, A. P.: Controllability of nonlinear
systems and synthesis of control algorithms. Dokl. AN SSSR
(1981)

Sontag, D.: Feedback stabilization of nonlinear systems. Robust
Control of Linear Systems and Nonlinear Control (1990)

Celikovsky, S., Nijmeijer, H.: Equivalence of nonlinear systems to
triangular form: the singular case. Systems and Control Letters
(1996)
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Conditions of linearizablity (A. Krener, 1973)

The system

ẋ = a(x) + b(x)u, a(x), b(x) ∈ Cω(U(0)) (8)

is linearizable in Q = U(0) if and only if

rank{adkab(0)}n−1k=0
= n;

all Lie brackets of the vector �elds adkab(x), k ≥ 0, at
x = 0 equal zero.

ad
0

ab(x) = b(x),

ad
k+1

a b(x) = [a(x), adk
ab(x)], k ≥ 0,

[a(x), b(x)] = bx(x)a(x)− ax(x)b(x).
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Conditions of linearizability

Brockett, R. W.: Feedback invariance for nonlinear systems. Proc.
7 World Congress IFAC, Helsinki (1978)

Jakubczyk, B., Respondek, W.: On linearization of control
systems. Bull. Acad. Sci. Polonaise Ser. Sci. Math. (1980)

Su, R.: On the linear equivalents of nonlinear systems. Systems
and Control Lett. (1982)

Dayawansa, W., Boothby, W. M., Elliot, D. L.: Global state and
feedback equivalence of nonlinear systems. Systems and Control
Lett. (1985)
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Conditions of linearizability

The system

ẋ = a(x) + b(x)u, a(x), b(x) ∈ C∞(U(0)), (9)

is linearizable in Q = U(0) if and only if

rank{adkab(0)}n−1k=0
= n;

[adkab(x), adjab(x)] = 0, 0 ≤ k , j ≤ n, x ∈ U(0).

Then z = F (x) is of the form Fi(x) = Li−1a F1(x) where

(F1(x))xad
k
ab(x) = 0, k = 0, . . . , n − 2,

(F1(x))xad
n−1
a b(x) = const, x ∈ Q.

Laf (x) = fx(x)a(x).

Svetlana Ignatovich, Kateryna Sklyar Feedback linearizability in the class C1 12 / 27



Conditions of linearizability

The system
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Conditions of feedback linearizability

The system

ẋ = a(x) + b(x)φ(x , u), a(x), b(x) ∈ C∞(U(0)), (10)

φu(x , u) 6= 0, is locally feedback linearizable in Q = U(0) if
and only if

rank{adkab(0)}n−1k=0
= n;

[adkab(x), adjab(x)] =
j∑

i=0

ηik,j(x)adiab(x),

0 ≤ k < j ≤ n − 2.
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Local linearizability in the class C 1
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Local linearizability in a domain in the class C 1

The system

ẋ = f (x , u), f (x , u) ∈ C 1(Q × R), (11)

is called local linearizable in the domain Q ⊂ Rn if
there exists a change of variables and of a control

z = F (x) ∈ C 2(Q), detFx(x) 6= 0, x ∈ Q, (12)

such that
ż = Az + bu + c .

If the system is linearizable then f (x , u) = a(x) + b(x)u where
a(x), b(x) ∈ C 1(Q).
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Criterion of local linearizability in a domain

The system

ẋ = a(x) + b(x)u, a(x), b(x) ∈ C 1(Q) (14)

is locally linearizable in the domain Q if and only if

1 ad
k
ab(x), k = 0, . . . , n, exist and belong to the class

C 1(Q);

2 rank{adkab(x)}n−1k=0
= n, x ∈ Q;

3 [adkab(x), adiab(x)] = 0, x ∈ Q, 0 ≤ i , k ≤ n.

This is a direct generalization of conditions for systems of the
class C∞.
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Example. The system of the class C 1

ẋ1 = x2
2
|x2|+ x2, ẋ2 =

x3
3x2|x2|+ 1

, ẋ3 = u,

in the domain Q = {x ∈ R3 : x2 > − 1√
3
}. Then

b(x)=

 0

0

1

 , adab(x)=

 0

− 1

3x2|x2|+1

0

 , ad2ab(x)=

 1

0

0

 .

Choose F1(x) = x1 ∈ C 2(Q); then

z = F (x) =

 F1(x)
LaF1(x)
L2aF1(x)

 =

 x1
x2
2
|x2|+ x2
x3


maps the system to the form ż1 = z2, ż2 = z3, ż3 = u.
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Local feedback linearizability in the class C 1

Conditions for the class C∞ are not su�cient.
Example 1.

ẋ1 = x1|x1|+ x2, ẋ2 = x3, ẋ3 = u

in Q = {x : ‖x‖ < d} satis�es the conditions for the class C∞:

ad
0

ab(x)=b(x)=

 0

0

1

 , adab(x)=

 0

−1
0

 , ad2ab(x)=

 1

0

0

 ,

hence, [adk
ab(x), adi

ab(x)] = 0, 0 ≤ k , i ≤ 2,

rank{b(0), adab(0), ad2ab(0)} = 3.

However, this system cannot be mapped to a linear one by use
of a change of variables and a change of a control of the
class C 1.
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Local feedback linearizability in the class C 1

Conditions for the class C∞ are not necessary.
Example 2.

ẋ1 = x2, ẋ2 = x3, ẋ3 = x1|x1|+ x3|x3|+ u

in Q = {x : ‖x‖ < d} is mapped to the linear systems by use of

z = F (x) = x , v = g(x , u) = x1|x1|+ x3|x3|+ u ∈ C 1(Q × R).

However,

adab(x) =

 0

−1
−2|x3|

 ,

hence, ad
2

ab(x) does not exist if x1 6= 0, x3 = 0.
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Local feedback linearizability in the class C 1

Conditions for the class C∞ are not necessary.
Example 2.

ẋ1 = x2, ẋ2 = x3, ẋ3 = x1|x1|+ x3|x3|+ u.

If we ¾correct¿ adab(x):

χ1(x) = adab(x)+2|x3|b(x) =

 0

−1
−2|x3|

+2|x3|

 0

0

1

 =

 0

−1
0

 ,

then one can �nd the Lie bracket:

[a(x), χ1(x)] =

 1

0

0

 .
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Criterion of local feedback linearizability in a domain

The system ẋ = a(x) + b(x)φ(x , u), a, b, φ ∈ C 1,is locally
feedback linearizable in the domain Q if and only if

1 χ0(x)=b(x), χk(x)=[a(x), χk−1(x)]+
k−1∑
j=0

µkj(x)χj(x)

exist and belong to C 1(Q) where µkj(x)∈C (Q);

2 rank{χ0(x), . . . , χn−1(x)} = n;

3 [χk(x), χj(x)] =
k∑

i=0

ηikj(x)χi(x), 0 ≤ j < k ≤ n−2;

4 ϕx(x)χk(x) = 0, k=0, . . . , n−2, ϕx(x)χn−1(x) 6= 0,

where Li−1a ϕ(x) ∈ C 2(Q), i = 1, . . . , n.
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Algorithm of �nding χk(x)

Step 0: χ0(x) = b(x).

Step k : Suppose χ0(x), . . . , χk−1(x) ∈ C 1(Q).
Find [a(x), χk−1(x)] and �nd µkj(x) ∈ C (Q) so that

χk(x)=[a(x), χk−1(x)]+
k−1∑
j=0

µkj(x)χj(x) ∈ C 1(Q).

If it is possible, go to the next step.

Step n: Check whether there exists a solution
ϕx(x)χk(x) = 0, k=0, . . . , n−2, ϕx(x)χn−1(x) 6= 0,

such that Li−1a ϕ(x) ∈ C 2(Q), i = 1, . . . , n.

Change: zi = Li−1a ϕ(x), v = Lnaϕ(x) + LbL
n−1
a ϕ(x)u.

Svetlana Ignatovich, Kateryna Sklyar Feedback linearizability in the class C1 24 / 27



Algorithm of �nding χk(x)

Step 0: χ0(x) = b(x).

Step k : Suppose χ0(x), . . . , χk−1(x) ∈ C 1(Q).
Find [a(x), χk−1(x)] and �nd µkj(x) ∈ C (Q) so that

χk(x)=[a(x), χk−1(x)]+
k−1∑
j=0

µkj(x)χj(x) ∈ C 1(Q).

If it is possible, go to the next step.

Step n: Check whether there exists a solution
ϕx(x)χk(x) = 0, k=0, . . . , n−2, ϕx(x)χn−1(x) 6= 0,

such that Li−1a ϕ(x) ∈ C 2(Q), i = 1, . . . , n.

Change: zi = Li−1a ϕ(x), v = Lnaϕ(x) + LbL
n−1
a ϕ(x)u.

Svetlana Ignatovich, Kateryna Sklyar Feedback linearizability in the class C1 24 / 27



Algorithm of �nding χk(x)

Step 0: χ0(x) = b(x).

Step k : Suppose χ0(x), . . . , χk−1(x) ∈ C 1(Q).
Find [a(x), χk−1(x)] and �nd µkj(x) ∈ C (Q) so that

χk(x)=[a(x), χk−1(x)]+
k−1∑
j=0

µkj(x)χj(x) ∈ C 1(Q).

If it is possible, go to the next step.

Step n: Check whether there exists a solution
ϕx(x)χk(x) = 0, k=0, . . . , n−2, ϕx(x)χn−1(x) 6= 0,

such that Li−1a ϕ(x) ∈ C 2(Q), i = 1, . . . , n.

Change: zi = Li−1a ϕ(x), v = Lnaϕ(x) + LbL
n−1
a ϕ(x)u.

Svetlana Ignatovich, Kateryna Sklyar Feedback linearizability in the class C1 24 / 27



Algorithm of �nding χk(x)

Step 0: χ0(x) = b(x).

Step k : Suppose χ0(x), . . . , χk−1(x) ∈ C 1(Q).
Find [a(x), χk−1(x)] and �nd µkj(x) ∈ C (Q) so that

χk(x)=[a(x), χk−1(x)]+
k−1∑
j=0

µkj(x)χj(x) ∈ C 1(Q).

If it is possible, go to the next step.

Step n: Check whether there exists a solution
ϕx(x)χk(x) = 0, k=0, . . . , n−2, ϕx(x)χn−1(x) 6= 0,

such that Li−1a ϕ(x) ∈ C 2(Q), i = 1, . . . , n.

Change: zi = Li−1a ϕ(x), v = Lnaϕ(x) + LbL
n−1
a ϕ(x)u.

Svetlana Ignatovich, Kateryna Sklyar Feedback linearizability in the class C1 24 / 27



The algorithm is well de�ned:

Uniqueness of µkj(x):

µkj(x)− µ̃kj(x) ∈ C 1(Q), j = 0, . . . , k − 1.

A method of �nding µk(x) = {µkj(x)}k−1j=0
:

µk(x) = −(Γk(x))−1ψk(x)

where
Γk(x) = {

〈
χi(x), χj(x)

〉
}k−1i ,j=0

,

ψk(x) = {
〈

[a(x), χk(x)], χj(x)
〉
}k−1j=0

.

If the k-th step failed the system is not feedback
linearizable.
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Example

ẋ1 = x2 + x2|x2|, ẋ2 = x3, ẋ3 = x3|x3|+ u

in the domain Q = {x ∈ R3 : ‖x‖ < d}.
Step 0: χ0(x) = b(x) = (0, 0, 1).

Step 1: Since [a(x), χ0(x)] =

 0

−1
−2|x3|

, we set

χ1(x) = [a(x), χ0(x)] + µ00(x)χ0(x) =

 0

−1
0

 ,

where µ00(x) = 2|x3| ∈ C (Q).
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Example (continued)

Hence,

χ0(x) =

 0

0

1

 , χ1(x) =

 0

−1
0

 .

Step 2: Since [a(x), χ1(x)] =

 1 + 2|x2|
0

0

, for any

µ10(x) and µ11(x) we get

χ2(x)=[a(x), χ1(x)]+µ10(x)χ0(x)+µ11(x)χ1(x)6∈C 1(Q).

Hence, step 2 failed. Hence, the system is not feedback
linearizable.
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